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Abstract
Cooling of steels after the high temperature forming process influences the metallurgical structure and the mechanical
properties of the part. The rate of heat removal from a heated component by a quenchant depends on the ability of the
liquid medium to wet and spread on its surface. An optimal quenching process is proposed with the Pontryagin
Maximum Principle of optimal control theory which can attain superior mechanical properties and control the
maximum residual stresses in this paper.
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1. Introduction
Quench hardening is a common process to produce steel components with reliable service properties
such as high strength, hardness and wear resistance. Although it is a vital part of production based on steel,
it is also one of the major causes of rejected components, production losses and the components that need
to be reworked. Distortion, cracking, achievement of desired distribution of microstructure and residual
stresses are considered to be the most important problems during quenching of steels, which render the
prediction and control of the as-quenched state of the component into a vital process in order to achieve
production goals.
The age-hardenability viewpoint suggests cooling the entire part as quickly as possible from the
solution heat treatment temperature [1]. However, from a practical perspective, this is impossible since
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points on or near the quenched surface may cool much faster than locations deep within the part.
Furthermore, the large spatial temperature gradients generated during a fast quench may cause non-
uniform mechanical properties, high residual stresses and warping, especially in parts having a cross-
section with large variations in thickness. On the other hand, a slowly quenched part may have uniform
cooling, but the desired strength or hardness will not be obtained in the subsequent age-hardening heat
treatment. Consequently, an optimum cooling strategy exists within a window of acceptable cooling rates
such that the part is cooled as quickly and uniformly as possible [2].
Before this tradeoff between maximizing strength and minimizing residual stresses can be analyzed,
the quality of the quenching process and its effect on mechanical properties must be quantified[3].The
rate of heat removal from a heated component by a quenchant depends on the ability of the liquid medium
to wet and spread on its surface [4].
The paper explains the quenching scheme needing shortest time during the process after developing a
analytical stress model. The quenching scheme is obtained with the Maximum Principle of optimal
control theory. It can cool a part as quickly and control the maximum thermal residual stresses to
minimize thermal gradients and still attain an acceptable strength which is uniform throughout the part
cross-section.
2. Technical Work
2.1. Development of temperature model
Before optimizing between maximizing strength and minimizing residual stresses can be analyzed, the
temperature and stress fields must be calculated by analytical method.
The temperature distribution in a two-dimensional axis-symmetry object meets this nonlinear
differential equation during a transient thermal conduction process with temperature dependent properties
without phase transformation effects:
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Where θ is temperature in object, λ is thermal conductivity, ρ is density, c is specific heat, z is axial
direction variable, r is radial direction position variables, t is time.
The initial temperature can be assumed as a constant. The boundary conditions are:
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where z =0 and z =l express both terminal surfaces position of axial symmetry body, r =R expresses the
radial surface, α is the convection heat-transfer coefficient,  Tfz is the boundary temperature, which is the
function of time t and can be assumed a linear change in sections, namely:
++= 223112 )-()-( 

zTf
.
Here η is the temperature change rate of medium.
Assuming that λ(θ)= λ0(1+λ1θ), c(θ)=c0(1+c1θ). Applying Kirchhoff’s transformation, one can obtain:.
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Where λ0 is thermal conductivity at θ=0. Equation (1) can be linearized as follows:
)()(11
z
U
zr
U
r
rrt
U
k ∂
∂
∂
∂
+
∂
∂
∂
∂
=
∂
∂
,                 (4)
where k is thermal diffusivity.
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If k is a constant, Eq.(3) is exactly linearized. Otherwise, the variable τ defined as the following
transformation, is induced to completely linearize Eq.(3):
'
0 0
)( dt
k
Ukt∫=

,                 (5)
where k0 is thermal diffusivity at θ=0. One can obtain:
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Considering the boundary condition, the solution of Eq. (5) can be expressed as [5]:
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 where I0, I1 are the zeroth and first order modified Bessel's function of first type, ai=k0.
After getting the temperature distribution, the thermal stresses can be obtained. The average
temperature of the volume can be calculated at first. The average temperature in the object is:
∫ ∫= l Rm UrdrdzlRU 0 022
,      (8)
The difference between temperature in some position and average temperature is mUUU −=Δ .
Especially, the temperature difference on the surface is:
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The position is generally the place where the changing range of temperature difference and thermal
stress is the largest in whole rotor, and is the critical on-line monitoring point. Here k1, k2, and k3 are the
constant relating with R,B, l, z, and have nothing to do with τ. The stress distribution can be obtained:
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Where E is elastic modulus of object, β is line expansion coefficient, v is Poisson ratio, Kth is stress
concentration coefficient.
If the material properties are temperature independent, Eq. (6) is the analytic solutions of the question.
When the material properties are temperature dependent, Eq. (6) must be modified in iterative formal:
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Where ΔUi, ΔUi-1 andΔUi-2 are the whole temperature difference in the critical point, and ηi is the
temperature rising rate at the ith time. Making inverse transformation of Eq. (2) and Eq. (4), one can get
the analytical solution of temperature and stress fields.
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2.2. Optimal control models of temperature and stresses
After the analytical models are obtained, the quenching process can be optimized. The aim to optimize
is to shorten the whole period without exceeding the limit of equivalent stress. Temperature and
temperature difference are taken as state variables and thermal stresses are taken as control variable to
simplify the relation between the equivalent stresses and temperature. The iterative equations including
temperature, thermal stress and metal temperature difference can be simplified as:
),()()( 131211 −++ Δ++Δ=Δ iiiiiii UUfUUfUfUU , (13)
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Where f1(Ui), f2(Ui), f3(Ui,ΔUi-1) and f4(Ui) are the functions deduced from Eq. (10) and Eq. (11).
Equations (12) and (13), which have discrete structure, are suitable for computer treatment. After
separating the state variable, they can be taken as state equations. The statement of the optimal-control
process can be expressed as: It’s the course of finding a stress changing trace and a medium temperature
changing trace to shorten the duration of the quenching process mostly and meet the limitations of
thermal stresses. The trace has a known initial state point, where the medium temperature is U0 and the
metal temperature difference is ΔU0, and a known ending state point, where the medium temperature is
Ufm and the metal temperature of the metal is ΔUkf, but the ending time is unknown. The state variables
must comply with the state equations. After rearrangement, the state equations can be stated as:
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The stress and temperature rising trace and the duration of the optimal control process can be obtained
by solving the questions above using the Maximum Principle of discrete system. Discrete Hamiltonian
has the form expressed as:
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a ≤ бi ≤ b.
If the medium temperature and temperature difference at the end point have been given, the boundary
condition can be listed as:
U|0=U0=0,ΔU|0=ΔU0=0, U|k= Ukf, ΔU|k=ΔUkf.
The scheme deduced from (13) is the optimal quenching process which can attain superior mechanical
properties and control the maximum residual stresses.
3.  Experiment and Application
The optimal control problem stated above is the process of finding the optimal control trace of the
steam temperature and temperature difference with the limit factor of thermal stress. The process can be
expressed in Fig. 1.The content in the block is the handling program to solve the simultaneous equations.
A typical cooling process is analyzed. The medium temperature in the process and according thermal
stress are in Fig.2(a). The optimal control curve is given in Fig.2(b) simultaneously. It is shown from
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Fig.2(a) and Fig.2(b) that the duration of the process can be shorten 30% or so with optimal control under
the same maximum residual stresses.
Control stress  Control stress Control stress Control stress
∆U0  ∆U1 ∆Ukf-2 ∆Ukf-1 ∆Ukf
U0   U1  Ukf-2  Ukf-1          Ukf
Fig. 1  The simulated process of optimal control
                                                     (a)                                                                                                              (b)
Fig.2 The medium temperature and thermal stress during a typical cooling process
(a) Before optimized;   (b) After optimized
4. conclusion
The analytical models of temperature and thermal stress at critical point have been presented based on
two-dimensional axis-symmetry thermal conduction differential equation and thermo-elasticity theory in
this paper. The models have satisfied precision. They can be used in predicting and controlling the
temperature and stress/strain fields during heat treating.
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